Recently, the field of ℂ * − Algebra valued A − Metric space be more popular and mentioned in various articles. Concepts of ℂ * − Algebra valued A − Metric space introduced in this paper based on the concepts and properties of ℂ * − Algebra. Moreover, this work proved some of the fixed point theorems for self -map with contractive. Examples are given to illustrate the results.
Introduction
The metric spaces theory can be considered the significant environment to study fixed points of single and metric fixed point theory. This theory is important in applied sciences. Fixed point theorems for mappings that satisfying different contractive conditions studied by Mustafa, Sims, and others [1, 2] . , ∈ . The pair ( , * ) is called a * −
. A complete sub multiplication norm where ‖ * ‖ = ‖ ‖ with * − together is said to be a Banach * − . Furthermore, A ℂ * − Algebra is a Banach * −Algebra with ‖ * ‖ = ‖ ‖ 2 , for all ∈ . An element of ℂ * − Algebra if is Hermitian and ( ) ⊆ [0, +∞), where ( ) is the spectrum of . We write 0 ≤ to show that is positive, and denote by + , ℎ the set of positive elements, Hermitian elements of, respectively, where 0 is the zero element in . There is an ordinary partial collation on ℎ given by ≤ iff 0 ≤ − [7] . This work introduced ℂ * − Algebra -valued − metric space and prove Banach contraction principle. Furthermore, prove some new common fixed point theorems for these mappings. The result is supported by an example.
2-Definitions
The main definitions in this section can be founded in [7, 9] .
Definition 2.1
The function named as ℂ * − Algebra valued metric on and ( , , ) called a ℂ * − Algebra valued metric space, if for any nonempty set and by assumption : × → satisfies: 1) (ῦ 1 × ῦ 2 ) ≥ 0 for all ῦ 1 , ῦ 2 ∈ and (ῦ 1 × ῦ 2 ) = 0 ↔ ῦ 1 = ῦ 2 . 2) (ῦ 1 × ῦ 2 ) = (ῦ 2 × ῦ 1 ), ∀ ῦ 1 , ῦ 2 ∈ .
3) (ῦ 1 × ῦ 3 ) = (ῦ 1 × ῦ 2 ) + (ῦ 2 × ῦ 3 ) ῦ 1 , ῦ 2 , ῦ 3 ∈ .
Definition 2.2
For any nonempty set. The operation : → [0, ∞) named as − metric on . Moreover, if for any ῦ , ∈ , = 1 → satisfies:
Then ( , ) is calld an − metric space.
Main Results
This section will have some results on the new space but let's begin first with the definition of ℂ * − Algebra valued − metric space with examples to illustrate the results. 
Proof
We can easily note that (1) and (2) in the definition of the − metric are hold and the proof of can be done as follows:
Example 3.2 Let = 2 (ℛ) be the set of all 2 × 2 matrices and by using a regular operations of matrix multiplication, scalar multiplication, and addition such that Define :
( , , 2 (ℛ)) is a ℂ * − Algebra valued − metric space.
Lemma 3.1
Assume that ( , , ) is a ℂ * − Algebra valued − metric space. Then for all ῦ 1 , ῦ 2 ∈ , ℎ (ῦ 1 , ῦ 1 , … , ῦ 1 , ῦ 2 ) = (ῦ 2 , ῦ 2 , … , ῦ 2 , ῦ 1 ) .
Proof
Let ῦ 1 , ῦ 2 ∈ . then by the third condition of definition (2.1) , for each ∈ , we can write is convergent to ῦ ∈ with respect to and we say that ῦ is the limit of {ῦ } denoted by lim
2) A sequence {ῦ } is said to be a Cauchy sequence w.r.t. if for each > 0, ∃ ∈ such that (ῦ , ῦ , ῦ , … , ῦ , ῦ ) < , ∀ , ≥ or lim →∞ (ῦ , ῦ , ῦ , … , ῦ , ῦ ) = 0 3) We say that ( , , ) is a complete ℂ * − Algebra valued − metric if every Cauchy sequence with respect to is convergent.
Lemma 3.2
Assume ( , , ) be a complete ℂ * − Algebra valued − metric space. If {ῦ } ∈ in converges to ῦ, then ῦ is unique.
Proof
Let {ῦ } ∈ converges to ῦ and ṽ. Then for any > 0, we can state that
and ∃ 2 ∈ , ≥ 2 ⇒ (ῦ , ῦ , … , (ῦ ) −1 , ṽ) < 2 .
Taking 0 = max{ 1 , 2 }, then for any ≥ 0 , it yields the following inequality
Hence, (ῦ, ῦ, … , ṽ) = (ṽ, ṽ, … , ṽ, ῦ) = 0 which implies ῦ = ṽ.
Lemma 3.3
In ( , , ) ℂ * − Algebra valued − metric space, if {ῦ } ∈ convergent sequence in then {ῦ } ∈ is of Cauchy sequence
Proof
The relation lim →+∞ ῦ = ῦ implies that for any ∈> ,
and for the same , ∃ 2 ∈ , for all ≥ 2 ⇒ (ῦ , … , ῦ , ṽ) < 2 .
Taking 0 = max{ 1 , 2 } , then for every , ≥ 0 , we have (ῦ , … , ῦ , ῦ ) ≤ ( − 1) (ῦ , … , ῦ , ῦ) + (ῦ , … , ῦ , ῦ)
Hence, {ῦ } ∈ is a Cauchy sequence.
Lemma 3.4
If {ῦ } ∈ {ṽ } ∈ are two sequences in the ( , , ) ℂ * − algebra valued − metric space that satisfy lim We now prove the Banach's contraction principle for ℂ * − Algebra valued − metric space.
Theorem 3.1
Suppose that ( , , ) be a ℂ * − Algebra valued − metric space and : → be a ℂ * − Algebra valued contractive mapping. Then has a unique fixed point ῦ 0 ∈ .
First, we need to prove our existence. Let ῦ ∈ we will show that { ( )} is a Cauchy sequence w.r.t. . Using induction, we obtain the following: Similarly, it can be established that ῦ * = ῦ * . Hence ῦ * = ῦ * = ῦ * , where i is even and j is odd.
Thus ῦ * is a common fixed point of a pair of maps and with is even and is odd.
